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Carlsbad, NM

= Groundwater transport of
radionuclides

= Uncertainty in hydraulic
conductivity

= Quantity of interest: travel time

= Approach: Model uncertainty
(lack of knowledge) stochastically.
Propagate random input data to
travel time.

Oliver Ernst (TU Freiberg) Covariance Eigenproblems KAUST, September 2012 2/53



PDEs with Random Data

Typical UQ Application: Radioactive Waste Repository Site Assessment

= Waste Isolation Pilot Plant (WIPP)
Carlsbad, NM

= Groundwater transport of
radionuclides

= Uncertainty in hydraulic
conductivity

= Quantity of interest: travel time

= Approach: Model uncertainty
(lack of knowledge) stochastically.
Propagate random input data to
travel time.

= Requires solution of PDE with
random data + post-processing.
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@ Expansions of Random Fields

Oliver Ernst (TU Freiberg) Covariance Eigenproblems KAUST, September 2012 4/53



Random Fields

Given: compact domain D C R?, probability space (22,2, P).
A real-valued random field (RF)
a:DxQ—R
is a stochastic process whose index variable is a spatial coordinate.
Thus, for each £ € D,
a(z,-) is a random variable (RV).
Alternatively: for each w € Q,
a(-,w) is a random function defined on D.

Second-order RF: a(z,-) € L3(Q) = L*(Q,2A,P) forall z € D.
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Random Fields
Mean, Covariance

Mean of RF at 2 € D:

Covariance of RF at z,y € D:

c(z,y): = Cov(a(z,-),aly,-))
= E[(a(z,-) —a(z)) (a(y, ) —a(y))]

For a := a — @, we have E [a] = 0 (centered RF).
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Random Fields

Covariance

Moreover, for any selection a,...,a, e Rand xy,...,x, € D,
n n
0 < Var Zaia(a:i, )] = Z ;o c(x, x;),
i=1 ij=1

i.e., covariance functions are positive definite. This is also sufficient
for c(x, y) to be the covariance function of a second-order RF.

Note: if a covariance function ¢: D x D — R is continuous along the
diagonal set {(x, z) : & € D}, then it is continuous on all of D x D.
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Random Fields

Common assumptions

® Translation invariance:

c(z,y)=clz—y)

(RF stationary, homogeneous).

m Rotation invariant:

c(z,y)=c(lz -yl

(RF isotropic).
= RF Gaussian: each finite collection {a(;, )}, has multivariate
Gaussian distribution.

= For now: assume RF Gaussian, centered, with strictly positive
definite, continuous covariance function.

Oliver Ernst (TU Freiberg) Covariance Eigenproblems KAUST, September 2012



Expansion of Random Fields

Goal: Representation of second-order centered Gaussian RF as

w) =Y &w)aj(z), & € L*(QAP),
=1

aj : D — R suitable functions.

Convenient Setting: Introduce separable Hilbert space structure.

Set

{f D—R:f() Z c(z;, ), ajE]R,:z:ieD,neN}

with inner product (note ¢(+, -) strictly pos. def.)

= (Za’ic(mi, Z mja ) :Zzalﬁj C\ T, mj
=1

1=17=1
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Expansion of Random Fields
RKHS of ¢

This inner product on . has reproducing kernel property w.r.t. ¢:

(fic(y,") = (Z aic(mi,-), ey, ) Zaz c(zi,y) = f(y). (%
i=1
For sequence { fy}nen in .7, if || - || denotes associated norm,
(@) = fin(@)] = |(fn = fins c(, )]
< |fn = fnlllle(z, )l = ([ fn = finll c(z, ),

i.e., {fn} Cauchyin | - || = {fn} Cauchy pointwise.

Define reproducing kernel Hilbert space (RKHS) . of ¢ (or a) as
closure of . w.r.t. || - ||. Reproducing property () for all f € .
follows from separability of compact set D.
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RKHS in General

Hilbert space 7 of functions f : D — R, D C R¢, for which all
evaluation functionals

bp: =R, (06af)=f(x), Yz ED,fe

are continuous.
Reproducing kernel k : D x D — R such that k(z,-) € 2 and

(fik(z,-) = f(z) VfeA,VeeD

ie., k(x,) = 0g.
= Long history dating back to [Mercer, 1909], [Aronsajn, 1944].
= Popularized as setting for optimal prediction/estimation of time
series by E. Parzen in the 1960s.
= Recent monograph [Berlinet & Thomas-Agnan, 2007].
= Generalizations to Hilbert spaces of distributions [Meidan, 1979],
[Bogachey, 1998]
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Expansion of Random Fields
Canonical isomorphism

For ¥ :=span{a(z,-) : € € D} C L3(12), define linear mapping

=L =Y
f=>ajclm,) = > aja(wm,-).
j=1 j=1

Clearly: E(f) Gaussian Vf € . and
(f.0) = E(). 201z V€.

Extend = to all of 72
= range equal to all of ¥
® limits again Gaussian

Canonical isomorphism between the RKHS and the space of RV
associated with RF a.
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Expansion of Random Fields
Orthonormal bases
, separable, therefore ¥ separable.
Orthonormal (ON) basis { f,, }nen of A, yields ON basis
& =E(fn), neN
of ¥ where &, ~ N(0,1).

ON expansion in ¥ C L3(1):

a@, )= 3 Ela(e, ) 6o

n=1

Isometry property of = and reproducing property yield

Ela(e, )6) = (<(@.). ) = fu(@).
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Expansion of Random Fields

Orthonormal expansion

Result: given an ON basis { f,, }nen of 7, the RF a has the expansion
a(a’)):anfn(:B)a .’L’ED,
n=1

where &, is a sequence of uncorrelated Gaussian RVs with unit
variance given by &, = Z(f,).

Note: If a has a.s. continuous realizations, then convergence is
uniform on D with probability one.

Karhunen-Loéve expansion: use scaled eigenfunctions of Fredholm
integral operator with kernel function ¢(z, y) as the ON basis {f,,}.
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Expansion of Random Fields

Eigenfunction expansion

Denote by {(vm, Am) }men the sequence of eigenpairs of the
(compact, selfadjoint) covariance operator

C: I2(D) — LX(D), (Cu)(m):/Du(y)c(a:,y)dy, zeD,

with [lvp|[L2(py = 1Vn.

Theorem (Mercer, 1909)

The continuous covariance kernel ¢ has the expansion
(o]
c(z,y) = Z AnVn (T )vn(y)
n=1
which converges absolutely and uniformly on D x D.
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Expansion of Random Fields

Karhunen-Loéve expansion

Easy to prove: {v/ A, nen is a complete ON system of 7.
Therefore

Theorem (Karhunen, 1947; Loeve, 1945)

A second-order Gaussian random field a : D x 2 — R with continuous
covariance function ¢ and mean field @ has the expansion

a(z,w) =a(x) + Z En(w)ap(x)
n=1

with uncorrelated RVs &, ~ N(0,1) and the scaled eigenfunctions
an(z) = V/Anvn(z). The convergence is in quadratic mean in L3 (1)
and uniform on D.
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@ Numerical Approximation
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Covariance Eigenvalue Problem

= Find (\,u) € R x L?(D) such that
Cu = \u, HUHLQ(D) =1
= with covariance operator C : L?(D) — L*(D) defined by

(Cu)(a) = [ cla.y)uly)dy

= ¢(x,y) covariance function (kernel) of RF defined on D c R¢.
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Covariance Eigenvalue Problem

Galerkin approximation

= Variational Formulation: Find (A, u) € R x L?(D), such that

(Cu,v) = Au,v) Vv € L*(D),

= Galerkin approximation on finite dimensional subspace
Un = span{gbl, b, ..., ¢N} C L2(D)

e.g.: %y space of discontinuous piecewise polynomials on a FE
triangulation of D

= No inter-element continuity needed for conforming
discretization, basis function have small support.
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Covariance Eigenvalue Problem
An approximation result

Theorem (Todor, 2006)

Let {7, } >0 be a family of admissible triangulations of D with
meshwidth h and define S}, to be the space of discontinous piecewise
polynomials of degree p on 7},.

Then for any s > 0 there exists a constant K = K(C, 7 ,p,s) > 0 such

that the Galerkin approximations A of the eigenvalues \,, of the
covariance operator C' satisfy

0 < Am — AW < K(RPPF2)\1=s 4 p#P+4)~25) v e N,Vh > 0,
implying

S

1_
0< Am — AP < KR2PH2)2, Vm € N,Vh > 0.
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Covariance Eigenvalue Problem

Generalized eigenvalue problem

 Coefficient vector u € R for u = Zj-vzl ujd;

= Galerkin projection leads to generalized eigenvalue problem

Cu = A\Mu
where
[Cli,j = (Coj, ¢:) (discrete integral operator)
[(M];; = (05, 0:) (mass matrix of basis)
i,j=1,...,N.

= M can be made diagonal (orthogonalize basis elementwise),
but C is in general full.
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Adapted Quadrature

Quadrature of non smooth integrands

= High-order quadrature assumes smoothness.

1
= Example: [ e~ 1*l dz with a single Gauss rule.
21
m Better: same Gauss rule on 2 subintervals.

< M

10° —e—one gauss rule
g —=—two gauss rules
5 - --eps
[
2
8
©10 r

10457

. .

0 5 10 15 20 25 30
number of function evaluations
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Adapted Quadrature

Assembly of C

m For piecewise constant approximation matrix entries are

zg—//¢z o(z,y)oj(z)dy dz

= Typical covariance functions have low smoothness for z = y.

= Same trick as in previous example: divide the integration region
(subset of D x D) into subregions such that no points with z = y
lie in the interior of a subregion.
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Adapted Quadrature

1D RF = 2D integration

= Integration region Cartesian product of intervals A; and Aj.
= Three possible cases for points z = y:

A1=A2 A1 n A2 one point A1 N A2 empty

inside on boundary none
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Adapted Quadrature

Qudrature rule for identical case

= Only need to worry about identical intervals case.

= Subdivision obvious: divide square into two triangles.

= Compare product Gauss quadrature over square with two
triangular Gauss formulas over the two triangles:

10° L —e—one tensor gauss |
—=—two tri gauss
---eps

relative errors

0 50 100 150 200 250 300 350 400
number of function evaluations

Oliver Ernst (TU Freiberg) Covariance Eigenproblems KAUST, September 2012



Adapted Quadrature

2D RF = 4D integration

= Integration region Cartesian product A; x A; of two triangles

= After transformation of A; and A; to reference triangle
integration domain is fixed.
= Possible cases in 2D:

= identical triangles
= common edge

= common point

= disjoint
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Adapted Quadrature

Basic approach

= Similar quadrature problems in 3D-BEM, but there kernels have
stronger singularities in ¢ = y.

= Adapt 3D-BEM quadrature techniques [Sauter & Schwab, 2004]

= Three basic steps::

(1) Change of variables to shift singularity to origin.

(2) Divide domain of integration leaving singularity on subdomain
boundary.

(3) Apply standard quadrature on subdomains.

= Consider case of identical triangles.

reference triangle:

R:{(xl,x2)€R2: 0<m §1,0§$2§x1}
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Adapted Quadrature

Identical triangles in 2D

= Reference triangle:
R = {(z1,22) ER?:0<21<1,0< 9 <z}

= Difference coordinate z = y — x = points with z = y fixed at
z=0.

= Projection of the domain of integration on the z-plane

z2

Gs
Gs [en

G/ | G3 Z1
Go

= 6 subdomains (all 4-simplices) = quadrature rules for
4-simplices or transformation to [0, 1]*
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Adapted Quadrature

Example: ¢(z, y) = exp(—||ly — z||)

identical elements common edge
@ % N
1 0—10 N 10—10 4
1 0—20 i i i 10—20 i i i
0 5 10 15 20 0 5 10 15 20
common point regular case
10° 10°
—*— standard
—*— adapted
1 0710 N 10710 q
1 0—20 i i i 10720 i i i
0 5 10 15 20 0 5 10 15 20
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Lanczos Eigenpair Approximation

Solving the generalized eigenvalue problem

= Require M largest approximate eigenvalues & associated
eigenvectors of generalized eigenvalue problem.

= Krylov projection methods avoid computing all eigenpairs;
require only matrix-vector products

= Covariance operators selfadjoint, hence short recurrence Krylov
methods like Lanczos applicable.

m Thick-Restart variant of Lanczos [Simon & Wu, 2000] allows
iterative improvement of desired eigenspace by efficient
restarting scheme.

= Extended to generalized eigenvalue problem and block version
(multiple eigenvalues)
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Lanczos Eigenpair Approximation

Thick-Restart-Lanczos

= Lanczos-decomposition after m (standard) steps:

AQm = Qm Tm + 5771%71—1—1613; (L)

= k < m Ritz values 91,15, ...,9; to be refined in next restart cycle

= Ritz pairs (9, y;) satisfy
T,Y = Y diag(91,92,...,0:) = YT, with YTY =1
Multiply (L) from right by Y
AQy = QuTy + Brn@os1s”

with Qx = QnY, @1 = gni1 and s = Ye,
but: this is not a Lanczos-decomposition (trailing rank-1 matrix)
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Lanczos Eigenpair Approximation

Thick-Restart Lanczos

® Next Lanczos vector g2 by full orthogonalization:
Brii@ire = (I — Qe Q1) AQia
= (I = @181 — Qe Q) AGi
= AQei1 — Gp1Qet1 — QuPms
= QgAQk+l = Bms
» Obtain decomposition with right structure
AQri1 = Qui1 Tos1 + Brr1 @26l

= Not a proper Lanczos decomposition (T}1 not tridiagonal),
but can now continue with 3-term recurrence.

Tp11 =< T Oms )

5m3T Qg1
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Hierarchical Matrix Approximation

m Algebraic variant of fast
multipole method,
[Hackbusch et al., 2000]

m Partition dense matrix into
rectangular blocks of 2 types
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= full near-field blocks, ;
= low-rank far field blocks

I
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m blocks correspond to clusters of
degrees of freedom, i.e.,
clusters of supports of Galerkin
basis functions =

e
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representation of matrix,
construction O(N log N), 1] SR,
matrix-vector product in O(N).
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Hierarchical Matrix Approximation

Far-field case

= If A; and A; are well separated, the covariance function can be
appproximated by a low degree interpolation:

T

C(iB, y) ~ 6(‘1’7 y) = Z C(ZB]C, y)fk(.’li)
k=1

= (}, are Lagrange polynomials to the interpolation points {x;}}_;

= This is also true for two well-separated clusters o and 7 of
elements of the triangulation .7},
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Hierarchical Matrix Approximation

Approximation of the matrix entries in the far-field

= For [C];; for triangles A; € o and Aj € 7:

Cly = //¢ (@, y)o; () dy dz

2
\
\

§
/\

35
~

&

Q

N

QL

8

r

= . /C(wk,y)qﬁi(y)dy /ék(a:)qu(m)da:

k=1 ) .
i J

= [AU,TBT]ij

= whole blocks (maybe after permutation of the indices) of C' can
be approximated by a rank-r matrix in factored form
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Hierarchical Matrix Approximation

S matrices

= Assembly of hierarchical matrix approximation of C:

(1) Divide triangulation into cluster (cluster tree, clustering strategy,
minimal cluster size)

(2) Determine for each pair of clusters whether corresponding matrix
block can be approximated by a low rank matrix (block cluster
tree)

(3) admissibility condition for cluster pair (o, 7):

min(diam(o), diam(7)) < ndist(o, )

(4) compute for each matrix block the low rank approximation
(admissible) or the full block (inadmissible)

= assembly of hierarchical matrix and the matrix-vector-product
have complexity of O(N log N).
= Lanczos solver for integral operator becomes scalable.
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Hierarchical Matrix Approximation

From 57 to 52 matrices

» |f clusters well-separated covariance function smooth in  and y

= interpolate the covariance function in both variables:

[Clij

Q

I=1k=1

S| [ sty dy | o) | [ tu@)os(@) de
i J
= [VJSU,TWT]ij
= another admissibility condition:
max(diam(o), diam(7)) < ndist(o, 1)
= Together with certain other techniques ( nested cluster basis)

matrix-vector product complexity reduced to O(NV)
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Next...

® Numerical Examples
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Numerical Examples

= Bessel covariance (Matérn family, v = 1):

T — T —
wwy) = 8 (12220 e p o
c
= 7, piecewise constants on triangulation of D
= hierarchical matrix parameters
degree of interpolation : 4
admissibility parameter  : 1/c
minimal cluster size : 62

5 largest eigenvalues with restart length 10
Environment:
MATLAB 2012a on single node machine,
Opteron 6136 (2.4 GHz), 256 GB RAM,
Calls to HLib 1.4 / HLib Pro libraries (MPI Leipzig) via MEX
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Numerical examples

m Gaussian covariance kernel:

2
k(fl: )—ex _||m_y||
2 yY) = p C2
= correlation lengths ¢ = 0.1, 1,2
covariance function k, covariance function k,

1 1
0.8 1 0.8
0.6 0.6
0.4 1 0.4
0.2 1 0.2

0 0

-1 0 1 -1 0 1
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Numerical examples
First four eigenmodes ¢ = 0.5

05 1
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Numerical examples

Assembly timings, ## matrices

10 T T

Assembling H-matrix for l&

assembling H-matrix for k2

- - - 10 T - - - .
—e&— Niog(N) —e&— Niog(N)
—®— =05
—— c=1
ol —e— = i 10*
10° c=2
o =u
5 g 10°
210 4 2
10° 1
10° - 1
i i i i i 12k i i i i
10° 10° 10* 10° 10° 10° 10° 10* 10° 10°
N N
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Numerical examples

Assemby timings, /2 ma

assembling H2-matrix for kl assembling H2-matrix for k2
10° T T T T T 10° T T T T T
10° - 4 10* d
= =
= =
ERUAS 1 g i
o 4
10° | ] 10
I I I I I I I I I I
10° 10’ 10* 10° 10° 10° 10° 10 10° 10°
N N
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Numerical examples

Solution timings, ## matrices

eigenproblem with H-matrix for k eigenproblem with H-matrix for k,

—&— Niog(N) —&— Niog(N)
—®— =05 —®— =05
10° | —e— =1 1 10 ——-1 .
——c=2 ——c=2
10° 1 ] 10° 1
w =
) 5]
E 2
] ]
2 2
10° . 10° 1
107 . 10 1
i i i i i i i i i i
10° 10° 10* 10° 10° 10° 10° 10* 10° 10°
N N
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Numerical examples

Solution timings, ##? matrices

eigenproblem with H2-matrix for kl eigenproblem with H2-matrix for k2
10° F o 10 1
10° 1
10° | 8
n o
9 @
2 2
s s
2 2
10° 1
10° - .
107 1
10°F 8
I I I I I I I I I I
10° 10’ 10* 10° 10° 10° 10° 10 10° 10°
N N
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Numerical examples

Convergence fo

Oliver Ernst
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Numerical examples

Convergence for k1, 2 matrices

Oliver Ernst

error

error

U Freiberg)

¢=0.5

—h

first
— second
third

fourth

Covariance Eigenproblei

error

error

c=1
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Numerical examples

Convergence for

Oliver Ernst
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first
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Numerical examples

Convergence for ko, H#

Oliver Ernst

error

error

U Freiberg)

10°

2 matrices

¢=0.5

—h

first
— second
third

fourth

10"
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Numerical examples

L-site

[Riviere & Wheeler, 1999]

@
a-) Partially
'.q‘)' weathered
& bedrock
C
'.% Material Ksai(m/day)
G>) 190 Saprolite 17.2
i Fill saprolite 17.2

Alluvium 2.60

180  Partially weathered
bedrock 1.04
T Ash 0.31 Ir

0 100 200 300 400 meiers
| (U R BN (S

Vertical exaggeration approx. x10
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Numerical examples
L-site: covariance modes, Bessel correlation, ¢ =

mode 5 mode 6
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Concluding Remarks

Summary
= Scalable covariance eigenvalue solver based on restarted (block)
Lanczos and hierarchical matrix approximation
= Adapted quadrature

= Can incorporate conditioning on measured data, Kriging, REML
estimates of mean.

= Flexible w.r.t. kernel, geometry.
In progress

= 3D (essentially just the quadrature).
= Pcw. linears/quadratics.

» Localized alternatives to KL (joint with Raul Tempone).
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