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Abstract—In this paper, we study the ergodic capacity of high-power regime, we believe that the low power framework
Cognitive Radio (CR) spectrum sharing systems at low power highlights some important facts that can be opportuniijica
regime. We focus on Nakagami fading channels. We formally ;64 in a wide range of applications. More precisely, in
define the low power regime and present closed form expressis . . .
of the capacity in the low power regime under various types thiS paper, we focus on underlay CR, in which a secondary
of interference andor power constraints, depending on the user shares the spectrum with a primary licensed user, where
available channel state information (CSl) of the cross link(CL)  both users are constrained by stringent low power consstain
between the secondary user transmitter and the primary user \\e are then curious to investigate the ergodic capacity of
receiver. We explicitly characterize two regimes where efter o gecondary user at this regime. Although our focus is on
the interference constraint or the power constraint dictaes the . . h . .
optimal power profile. Our framework also highlights the effects Nakagami fading channels since it captures a large typical
of different fading parameters on the secondary link ergodic wireless links, our framework can be extended in a natural
capacity. Interestingly, we show that the low power regime way to arbitrary fading channels, but with proper adaptetio

analysis provides a specific insight on the capacity behaviof  To that end, our contribution in this paper is summarized as
CR that has not been reported by previous studies.

Index Terms—Underlay Cognitive Radio, Ergodic Capacity, follows:
Spectrum Sharing, Low SNR, Nakagami fading, Interference ad « We derive the spectrum sharing capacity under various
Power constraints. interference constraints, in the asymptotically low power
regime dictated by a low interference threshold, depend-
. INTRODUCTION ing on the available channel state information (CSI),

Due to the outstanding evolution in wireless communica- assuming first that there is no power restriction at the
tions technologies, the frequency spectrum became a scarce Sécondary transmitter. We show that the capacity is at
resource as most of the bandwidths are occupied. However, l€ast linear in the interference threshold.
the use of this spectrum is not optimized. Consequently, a» When a power constraint is introduced, we identify
better spectrum management policy should be adopted im orde €xplicitly two extreme regimes in which the capacity
to prevent spectrum saturation. Consequently, the Cogniti ~ depends only on either the power constraint or the in-
Radio (CR) concept, introduced by Mitola and Maguire [1], terference constraint.
has been regarded as affi@ent way to overcome this issue. * We highlight the &ect of cross link (CL) CSI on the low
Spectrum sharing or underlay CR is of particular interegt du  SNR capacity.
to its tremendous promising throughput [2]. A large body ofhe remainder of the paper is organized as follows. In Sectio
work is now available and has addressed either fundamertathe system model is presented. In Section Ill, the capaci
limits of spectrum sharing protocol /and practical schemesof low interference threshold with no power restrictions is
that can be deployed in real systems, e.g., [2]-[9]. Howevelerived. The low SNR capacity when a power constraint is
to the best of our knowledge, no much work has focused dmtroduced, is computed in Section V. Selected numerieal r
performance limits of such systems in the low power regimeults along with their interpretations are presented iriGed.
Indeed, in many communication scenarios, the availablespovi-inally, a conclusion of the work is given in Section VI.
per degree of freedom can be vanishingly small [10], e.g.,
wideband systems, sensor networks and communication at the
edge of cellular networks to cite a few. This has been a strongWe consider a spectrum sharing model as illustrated
motivation for researchers to study this regime in order io Fig. 1 where two users communicate with a base sta-
better understand performance limits in this case [11][13ion through the same narrow-band frequency. The first user,
Along similar lines of taught, we intend in this paper to shedalled primary user (PU) is licensed to freely exploit the
some lights on spectrum sharing CR in the low power regimgpectrum; whereas the second user, called secondary user
Although this topic has been extensively investigated i t{SU), is allowed to share the spectrum with the PU without
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D caused by the SU; peak and average interference constraints

@@@7 2 o We study their &ect separately below.
/PU R,:\ /_S_U,Rzi 1) Peak Interference Constraint: By fixing an adequate
N T . = Cognitive receiver . .
((®) Non-cognitive receiver : interference thresholthea, the SU is not allowed to exceed

this threshold regardless of the channel condition. No& th
this is always possible since the instantaneous channeligai

PU Tx SU Tx available at the SuTx. The capacity then is solution of the
Non-cognitive transmitter Cognitive transmitter fO”OW|ng problem
Figure 1. Spectrum sharing system model.
C=_max Eg,g [0g(1+ P(go.91) 91)]. (1)
P(90.01)>0
affecting the primary communication. We note oy and subject to P(do, 91) Yo < | peak» 2

01 the instantaneous channel gains between the secondal[%/ Ef is th tati tor. Th luti £ thi
transmitter and both the primary receiver (PRx) and the whiere EJ is the expectation operator. The solution of this

secondary receiver (SURx), respectively [4]. These gainsp_roblegn I'DS; simple_tcl)pm(iierli:ve and th?NopktimaI p(lc)V\ijQF Is just
are assumed to be ergodic, independent, and their coJ&EN by (9. 9) = “g, - ~Or general Nakagami fading, we

sponding probability density function (p.d.fy, () and fy () COMPUte Byglg] using the distgilbution of the ratio of two
are continuous. We assume that the interference causedN@kagamirandom variablegio = 3. The corresponding p.d.f

the primary transmitter (PUTx) is treated as backgroundc@n be easily derived [14] and it is given by

noise at the secondary receiver. This assumption is rehona (o) mo( muymy ;-1

if for instance the PUTx is far a part from the SURX fo(X) = o nﬁiml , ©)
otherwise, this specific choice provides a lower bound on (Qﬁ; + mg—llx) B(mo, my)

the performance [5]. Furthermore, we consider two types of

constraints on the SUTx transmission; interference giod wherep(x,y) is the beta function defined tB(x,y) = rr((x))(ig)

power constraints [8]. The channels between the $K andI'() is the gamma function defined Byx) = fow et-1dt.
and the PU Rx, and between the SUTx and the SURX Equation (3) yields a capacity that has three expressions
are called cross link and secondary link (SL), respectiveljepending on the parametew. The following regimes are

We assume a unit variance noise and a unit bandWldth, m“puted after using the series expansiompgk near zero:
capacity is presented in nats per channel use. In our model,

we adopt two constraints, the first is an average transmiepo
constraint at the SUTx [8] describing the available power, the
second is an interference constraint characterizing htaxetot
the PU Rx is toward violating an interference threshold b
the SU. Depending on the available CSI of the Cross Lin
(CSI-CL), the interference constraint can be either a peak

e oot ey, The(SULS 1 () sho ht s ey prameter i defnes
’ the capacity behavior at lolyes. Indeed, the capacity is linear

CL is not available . We define the low power (also called |O\|/\rl1 |peakg_; for my > 1 and sub-linear fo% <o < 1, whereas

SNR for brevity) regime, as a scenario where the interfeﬂfenfc P | tallv ds | 1) Note al
constraint and the transmit power constraint (when consitje or Mp = 1, I scales essentially dpea Og(lp:k)‘ ote also

are both asymptotically low, i.e., converge toward zero. V\??at aslpea — 0, the capacity progressively increasesmas

define f(x) ~ g(x) if and only if lim (M) =1. ecreases. . |
x>0 9 2) Average Interference Constraint: A second alternative

to protect the primary communication when full CSI-CL is
II. I NTERFERENCE CONSTRAINT WITH No POWER RESTRICTIONS available, is to impose an average interference constaitite
In a CR scenario, the framework of having only an interfeSU_Tx. This constraint is less stringent than the instantaseou
ence constraint occurs when dealing with a non-limited powi#iterference. Subsequently, the ergodic capacity is céeapu
systems, such as base stations. In many cases, the tolerB¥egolving the following optimization problem:
interference is very low due to a strict primary user or a bgar

mo rT10mO71n

Q
If 2 <mp< 1, thenC(lpea) ~ ('peakQ_Z) MTOA(mo,my) sineg)
If mp =1, thenC(lpea) = |peakg—; |09(|pﬁ)v
If 1 < mp, thenC(lpeak) = 'peakﬁ—;—"bﬁﬁﬁi 3

(4)

communication between the primary and secondary users. C :p(gng;(;oEgo’gl [log (1 + P(Go. 91)an)] )
Therefore, we investigate th.é_fect of a very _Iow mt_erference subject to Eg,g, [P(do- 91) Jo] < I pesk. (6)
threshold notedpes ON cognitive capacity with various levels

of CSI-CL knowledge. Using the Lagrangian method, the optimal power is given by

the water-filling expression as in [4] yielding
1 1\
P (9o, 01) =|— - —
(9, 91) (/l % 91)

A. Perfect CS-CL

When full CSI-CL is available, two types of primary com-
munication protection can be adopted to avoid the intenfeze

()



where( = max(Q-) and A is the Lagrange multiplier, wherePpea = Fa{'}”(j’k_s) andFaol(-) is the inverse of the cumula-

computed by solving the constraint with equality i.e. : ) ) ) ) (g, 1
. tive density function ofjp given byFg (X) = 1-——>-, where
1 go)
E -_=
Q0,01 [(/l o

_ I'(-,-) is the incomplete Gamma function. The solution of this
= | peak- (8)
Let gio = % and g, () its p.d.f, the equality in (8) may be is convex and the constraint is linear. The optimal power is

problem is, again, simple to find since the objective functio

written as: given by P*(91) = Ppeak. The corresponding capacity is given
by:
[ (3 o) tale d o1 © o
gosa\A  O10 8101910, 10 = 1 peak- C(lpeak) ~ Eg,[Ppeak01] = |peakm, (19)
Likewise, the corresponding capacity is given by: which is only linear inl pea.
C= |09(%)) fg.0(910) d Q1o (10) IV. INnTrRODUCTION OF A POWER CONSTRAINT
g10>4

In many mobile applications, the power is a crucial param-
eter that the systems has to manage optimallyfiwiently

erform the communications. Consequently, in addition to

e interference constraint, we introduce an average power
constraint given by:

From (8), we notice that is inversely proportional td pea.
That is, aslpeax — 0, 4 goes to infinity. Consequently, we
compute the capacity at low SNR using (9) and (10)
performing series expansion as— o to obtain:

1 Q Mo 1 mo+1
oo~ oo + 1) Ao, m) (nmfgi) (Z) - @D Ego: [P(G0 )] < P (20)
M 1\ whereP,yq is the available power at the secondary transmitter.
C~ Mg B(mo, my) \ M A (12) In the low SNR regime, i.6Pag — 0, the corresponding

capacity was studied in a non-cognitive context in [16] and
By expressing% as a function ofl peax in (11) and inserting is shown to be equal to
the result in (12), we obtain

L Mo
% (Mo(mo + 1)) o (m()Ql)lmb

Note that in the particular case whem® = my = m and
Qo = Q1 = Q, the capacity becomes

Q 1
C(Payg) ~ ﬁ Pavg Iog( ) (21)

F)avg

C(Ipeak) ~ ([ peec) NEK) _ .
Nevertheless, due to the interference threshglgk which is
low too, the capacity may depend on bdhg and | pea. In
this section, we analyze the capacity under peak interéeren

. constraints with perfect CSI. By taking into considerattba
o (M(m+ 1))Tn

C(l peak)) ~ (I ) (14) power constraint, the capacity is now solution of the foilogy
S B(m m)zm problem
We noﬁte that, the capacity in (14) scales essentially as C =P(ma;(> . Eq., [109(1+ P(g0. 91)a1)] (22)
(Ipeak) "™ which is much higher thamge, at asymptotically %.6)>
| | ie (1 )% | I in addition — subject to P(go, 91)90 < | peak (23)
O 3y ey . y y = f—
W 1 peak, | ( peak) > lpeak. IT, | ition, Mg = My Eg,.0: [P(90, 91)] < Payvg. (24)

(this corresponds to a situation where both the SL and the CL
undergo a Rayleigh fading) the corresponding capacityvat IoThe solution of this problem has been derived in [17] and is

I peak SiMplifies to given by:
T
Q1 p* _mind(E L) ek 25
C(l peak) =~ 1/2 | peak o (15) (9o, 91) mm{(ﬂ a) o | (25)
B. No CS-CL with Satistical Interference Constraint where A is the Lagrange multiplier that satisfies the power

constraint with equality, i.e., &g [P*(J0,01)] = Payg. The

V_Vhe.n the CSI-CL is not ava'l"f‘bl,e' the primary COmm“r"éorresponding capacity presents, mainly, two regimes:gpow
cation is protected through a statistical constraint inalutthe constrained regime (i.€C = f(Pag)) and interference con-
. = V/(

PU tolerates that the SU exceeds the interference threshgld,. o q regime (i.eC = f(Ipea). In the power constrained

wnf;)la certa|kr)1 p]:robatl)lhtyd Iow;:‘r”thar.] a threshold The oqime the interference constraint is not “felt” by the STk
problem can be formulated as follows: and, hence, does noffect the optimal power, and the capacity

C = max Eg, g [log(1 + P(g1)01)], (16) is the same as in a non-cognitive scenario [16]. However,
P()>0 in some cases, the interference threshold is also very low,
subject to Prob {P(gl)go> Ipeak} <e. (17) i.e lpeax — O which requires a new analyze in order to

find the low SNR capacity. Note that the transition between
these two regimes corresponds to a capacity depending on
P(91) < Ppeaks (18) the combination of the two constraint parameters. In order t

Note that (17) can be written as in [15] as:



characterize the capacity regimes, let us first split the goow
profile in (25), as in [18]: j

~

[
(=]

Ergodic Capacity
L| — — — Asymptotic Expression Given by (13) -~

[
o
N

i ! . |
if Pavg > Egyg, [é—"fk] then P*(go, 01) = Q—Tk

[
o
©

H I peak 1 | peak
if Egog [ 2% — 2] < Pag < Egy g, |22

renp ol 3) ) D
i l * + 3 _
if Pag < Egyg, |22 - 2], thenP*(go,01) = (4 - g_ll)(zé) g0
For convenience, let us define the functidfx) as g 107
1 + (2] -
H(X) = Eg, [(x— —) } 10
91 .
Analyzing more closely (26), we obtain 0 e0 50 a0 30 20 -1 0 10

Ipeak (dB)

|peak L .
If Pavg < Eg" [H ( Jo )} the capacity Is given by (21)' (27) Figure 2. Capacity versuieax for different values ofrg, mg, Qo and Qg

I , (mp—1
;—esk}v I.e. Payg > 'peak%’ for mo > Ot gain such an insight.

(28) In Fig. 5, the &ect of the interference and the average power
then the capacity is given by (4). Note that for the case éPnstraints is highlighted on the low SNR capacity for theeca
1 <mo <1, we have K, [‘é—jk] — 0. Hence, the condition, Of Mo = My = 1 andQo = Q; = 1. The capacity versuBayq
Pag > Egoth_.fk] is never satisfied and the capacity goe'§ pIottgd for diferent vaIue_s of.peak under pegk mterferenge
asymptotically'to the expression in (4). constralnt: As can be seen in Fig. 5 there exists a satqrat_|o

the capacity curve aBay goes to high values. The beginning
V. NumericaL Resurrs of this regime is earlier for lower values bfe. Meanwhile,
non-saturated capacity regime present a setting inhwhic

In Fig. 2, the SU capacity under an average interferen h PU and SU . heir full ith harmi
constraint is plotted in nats per channel use (npcu) asP8t an are using their full power without harming

function of the interference thresholge. In Fig. 2, we set each other.
M = my = 2 in order to analyze thefiect of each channel VI. CONCLUSION
mean. As shown in Fig. 2, the capacity and its asymptotic

approximation given by (13) are indistinguishable for low In_this paper, we have studied the _ergodic capacity of
tHe secondary link in a spectrum sharing protocol at low

values ofl peak. Moreover, as depicted in Figure 2, as the med ) e
of the cross link,Qo, increases, the capacity decreases af@Ver regime. Although, we have focused on Nakagami fading

increasing the channel gai; enhances the capacity. channels, we argue that our framework can be generalized to
When the SL and the CLlhave equal fading parémemer account for diferent fading statistics. First, we have considered

o - Q - a setting where the CR user is solely constrained by a low

Wit m 25 depicied in Fig. 5. ised. 1 15 expected arBfererence threshold. We have shown that n this setig,

is in agreement with the related asymptotic capacity giv pacity scales at least Ilnearl_yW|th t_h_e mterferen(_:esthold.

by (14), also shown in Fig. 3. Fig. 4 shows théeet of en, we have |ntr.oduced, in add_ltlon to the mtqurence

different interference constraints on the capacity as a fumctﬁ)antramt’ a transmit power constraint. Beyor_ld the irtbugh
simple closed form expressions of the capacity at low power

Of lpeak fOr mp = my = 2 andQp = Q1 = 1. As expected, the ! ) .
statistical constraint gives the lowest capacity sinceGi$d- regime that hgve b‘?e” presented n this paper, we have
H;Ientlfled certain regimes where coexistence of a CR user

CL is not available and no power adaptation is performe [ ith . is “h ‘ous” in th that
The availability of CSI-CL improves considerably the capac along with a primary USer 1S “harmonious-in ine sense tha
po one is hurt by the presence of the other.

even under a peak interference constraint. The improveisen
huge if instead, a more relaxed average interference @onistr ACKNOWLEDGEMENT
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