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Abstract—Estimating the probability that a sum of random
variables (RVs) exceeds a given threshold is a well-known
challenging problem. Closed-form expressions for the sum distribution do not generally exist, which has led to an increasing
interest in simulation approaches. A crude Monte Carlo (MC)
simulation is the standard technique for the estimation of this
type of probability. However, this approach is computationally
expensive, especially when dealing with rare events (i.e events
with very small probabilities). An alternative approach to naive
MC simulations is represented by the use of variance reduction
techniques, known for their efficiency in requiring less computations for achieving the same accuracy requirement. Most
of these methods have thus far been proposed to deal with
specific settings under which the RVs belong to particular classes
of distributions. In this paper, we propose a new Importance
Sampling (IS) simulation technique based on the well-known
hazard rate twisting approach, that presents the advantage of
being asymptotically optimal for any arbitrary RVs. The wide
scope of applicability of the proposed method is mainly due
to our particular way of selecting the twisting parameter. It is
worth observing that this interesting feature is rarely satisfied
by variance reduction algorithms whose performances were only
proven under some restrictive assumptions. It comes along with
a good efficiency, illustrated by some selected simulation results
comparing the performance of our method with that of an
algorithm based on a conditional MC technique.
Index Terms—Crude Monte Carlo, rare events, Importance
Sampling, hazard rate twisting, asymptotically optimal, twisting
parameter.

I. I NTRODUCTION
The performance analysis of communication systems generally requires analyzing the statistics of sums of Random
Variables (RVs). For instance, the received signal-to-noiseratio (SNR) at the output of some schemes based on diversity
techniques, such as Maximum ratio Combining (MRC) and
Equal Gain combining (EGC), is modelled as a sum of fading
variates [1]. Unfortunately, the statistics of the sum distribution
for most of the challenging problems are generally intractable
and unknown. This is for instance the case of the Log-normal
and the Weibull RVs, which are frequently encountered in
various applications of digital communications [2]–[7]. In
order to tackle this issue, several analytical approaches, which
consists in determining accurate closed-form approximations,
approaching the statistics of the sum of these RVs were proposed [8]–[14]. However, these analytical approaches presents
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the inconvenient of being specific to the problem under study,
thereby limiting their practical interest. An alternative to these
analytical methods is constituted by the class of Monte Carlo
methods.
The naive Monte Carlo (MC) simulation is the standard
technique to estimate the probability that a sum of RVs
exceeds a given threshold. However, this approach requires
substantial computational simulations, especially when extremely small probabilities are considered. To fill these gaps,
a simulation approach termed as Importance Sampling (IS)
which helps improve the computational efficiency of the naive
MC simulation technique [15] was proposed. The basic idea
behind the IS techniques is to change the underlying sampling
distribution in a way to achieve a substantial variance reduction
of the IS estimator. Many research efforts have been carried
out to propose efficient IS algorithms. For instance, among
the first works dealing with the application of IS to the
field of digital communications are those in [16] and [17]
which have proposed methods based respectively on scaling
the variance and shifting the mean of the original probability
measure. An extension of [16] was performed in [18] where
a composite IS technique was derived. In [19], the asymptotic
efficiency of five different IS techniques estimating the Bit
Error Rate (BER) was studied. The exponential twisting technique, derived from the large deviation theory, is an interesting
IS change of measure since in most of the cases it yields
”optimal” asymptotic results [20] [21]. For instance, it was
used to estimate the BER of direct-detection optical systems
employing avalanche photodiode (APD) receivers in [22].
However, the scope of the exponential twisting is limited to that of distributions with finite Moment Generating
Function (MGF). Thus, in the heavy-tailed setting where
the MGF is infinite, this approach is not applicable. Given
that many heavy-tailed distributions, such as the Log-normal
and the Weibull RVs, are frequently encountered in various
applications in digital communications [2]–[7], many research
efforts have been focused on developing alternatives methods
which can be used to deal with the sum of RVs drawn
from heavy-tailed distributions. This has pushed forward the
development of efficient variance reduction algorithms dealing
with distributions in the heavy-tailed class. [23]–[27]. Among
the different variance reduction techniques, one of the most
popular is that based on twisting the hazard rate of the original
probability measure of each component in the summation. This
technique has been applied by the authors in [28] to estimate
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the sum of independent and identically distributed (i.i.d) RVs
with subexponential decay.
In this paper, we propose to generalize the hazard rate
twisting IS-based approach [28] to the problem of estimating
the probability that a sum of independent but not necessarily
identically distributed any RVs exceeds a given threshold.
Unlike the previously cited works where the estimators’
performances have been established when the RVs belong
to particular classes of distributions, the proposed algorithm
is proven to be applicable, without any restriction, to any
arbitrary RVs. The rest of the paper is organized as follows.
In section II, we state the problem setting and enumerate the
main contributions. In Section III, the proposed hazard rate
twisting technique is presented and the main result proving
the asymptotic optimality criterion is stated in Theorem 1. In
the same section, a study case is analysed with details. Finally,
some selected simulation results are shown in Section IV to
assess the performance of the proposed IS scheme.
II. M ATHEMATICAL BACKGROUND
A. Problem Setting
Let X1 , X2 , ..., XN be a sequence of independent but
not necessarily identically distributed RVs. Let us denote the
Probability Density Function (PDF) of each Xi by fi (·),
i = 1, 2, ..., N . Our objective is to efficiently estimate:
!
N
X
α=P
Xi > γth = P (SN > γth ) ,
(1)
i=1

for a sufficiently large threshold γth . The standard technique
to estimate α is to use the naive MC estimator defined as:
α̂M C

M
1 X
1(SN (ωj )>γth ) ,
=
M j=1

(2)

where M is the number of simulation runs and 1(·) defines the
indicator function. {SN (ωj )}M
represent independent realPN j=1
izations of the RV SN = i=1 Xi where for each realization,
j = 1, 2, ..., M , the sequence X1 (ωj ), X2 (ωj ), ..., XN (ωj ) are
sampled independently according to the distributions fi (·),
i = 1, 2, ..., N , respectively. It is widely known that the naive
MC simulation is extensively expensive for the estimation
of rare events. In fact, from the Central Limit Theorem
(CLT), it can be shown that the naive MC estimation with
10% relative precision requires more than 100/α simulation
runs. For instance, the number of samples to estimate a
probability of order 10−9 should be more than 1011 , with an
accuracy requirement of 10%. This has triggered the need for
alternative methods to naive MC simulations with improved
computational efficiency.
B. Importance Sampling
IS is a variance reduction technique which aims to increase
the computational efficiency of the naive MC simulation [15].
The general concept of IS is to construct an unbiased estimator
of the desired probability with much smaller variance than the

naive estimator. In fact, this technique is based on performing
a suitable change of the sampling distribution as follows
Z
N
Y
α=
1(SN >γth )
fi (xi )dx1 dx2 ...dxN
RN

i=1

Z
=
RN

1(SN >γth ) L (x1 , x2 , ..., xN )

N
Y

gi (xi )dx1 dx2 ...dxN

i=1



= Ep∗ 1(SN >γth ) L (X1 , X2 , ..., XN ) ,

(3)

where the expectation is taken with respect to the new probability measure p∗ under which the PDF of each Xi is gi (·),
and L is the likelihood ratio defined as
L (X1 , X2 , ..., XN ) =

N
Y
fi (Xi )
i=1

gi (Xi )

.

(4)

The rationale behind this change of measure is to enhance
sampling important values which have more impact on the
desired probability. Hence, emphasizing that important values
are sampled frequently will result in a decrease of the variance
of the IS estimator. The new IS estimator is defined as
α̂IS =

M
1 X
1(SN (ωj )>γth ) L(X1 (ωj ), ..., XN (ωj )).
M j=1

(5)

where X1 (ωj ), X2 (ωj ), ..., XN (ωj ) are sampled, for each
realization j = 1, 2, ..., M , independently according to the new
sampling distributions whose PDFs are gi (·), i = 1, 2, ..., N ,
respectively.
Generally, it is not obvious how to construct a new probability measure which results in a decrease of the variance of the
IS estimator and hence an improvement of the computational
efficiency. Besides, in order to evaluate the efficiency of
the proposed approach, a criterion is required to be defined.
Several criteria have been used in the literature, among which
we distinguish the bounded relative error property [25], [27]
and the asymptotic optimality property [25], [28]. In practice,
it is it is difficult to achieve the bounded relative error
property, unless working with RVs drawn from a specific set of
distributions. Since, we address in the present paper the case
of arbitrary RVs, we will rather consider the second criterion
which is the asymptotic optimality. In the sequel, we denote by
efficient algorithm, an algorithm which satisfies the asymptotic
optimality criterion. Let us consider the sequence of the RVs
{Tγth } defined as
Tγth = 1(SN >γth ) L (X1 , ..., XN ) .
From the non-negativity of the variance of Tγth , we get


Ep∗ Tγ2th ≥ (P(SN > γth ))2 .

(6)

(7)

Applying the logarithm on both side, we conclude that, for all
p∗ , we have


log Ep∗ Tγ2th
≤ 2.
(8)
log (P (SN > γth ))
Hence, we say that α is asymptotically optimally estimated
under the probability measure p∗ if the above equation holds
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with equality as γth → +∞, that is


log Ep∗ Tγ2th
= 2.
lim
γth →∞ log (P (SN > γth ))

(9)

It is worth mentioning that the naive simulation is not asymptotically optimal for the estimation of α since, in this case, the
ratio in (9) is equal to 1.
The exponential twisting technique, which is derived from
the large deviation theory, is the main IS framework dealing
with light-tailed distributions, that is distributions whose tails
decay at an exponential rate or faster. The exponential twisting
by an amount θ > 0 is given by
fi (x) exp(θx)
,
gi (x) , fi,θ (x) =
MXi (θ)

(10)

where MXi (θ) denotes the moment generating function
(MGF) of the RV Xi , i = 1, 2, ..., N . In most of the cases,
this technique achieves optimal efficiency results [20] [21].
In the case when the sequence X1 , X2 , ..., XN contains some heavy-tailed components, the exponential twisting
change of measure is not feasible and alternative techniques
are needed, the MGFs being infinite for distributions with
heavy tails. In [28], an efficient hazard rate twisting ISbased approach was developed for the estimation of α in
the case of i.i.d sum of RVs with subexponential decay. In
[29] and [30], it has been shown that, in the heavy-tailed
setting, the hazard rate twisting approach plays a similar role
to the one played by the exponential twisting approach in
the light-tailed setting. Of tight relation to this work is the
one in [28] which applies the hazard rate twisting method to
subexponential distributed random variables. In particular, we
propose to extend their approach to the general framework
of sums involving independent but non identically distributed
arbitrary random variables. To this end, we shall introduce the
following objects. We define the hazard rate λi (·) associated
to the RV Xi as:
λi (x) =

fi (x)
, x > 0,
1 − Fi (x)

(11)

where Fi (·) is the CDF of Xi , i = 1, ..., N . Besides, we
define also the hazard function as:
Z x
Λi (x) =
λi (t)dt

Consequently, the RV Tγth has the following expression:
!
N
X
1
exp −θ
Λi (Xi ) 1(SN >γth ) . (15)
Tγth =
N
(1 − θ)
i=1
Note that the expectation under the probability measure p∗ ,
that is Ep∗ [·], will be re-denoted by Eθ [·] in the rest of this
work.

C. Main Contributions
A lot of research efforts have been devoted to develop
efficient algorithms for the estimation of α = P (SN > γth ),
when the underlying distributions are heavy-tailed. Of valuable
interest are for instance the works developed in [25]–[28]. In
effect, the work of [25] was the first to propose an estimator
with bounded relative error under distributions with regularly
varying tails. This method was based on the use of the
conditional MC technique and dealt with sums of i.i.d random
variables. It was then generalized in [31] to the non i.i.d case
but its efficiency was only proven under the setting of Paretodistributed RVs. In addition to methods based on the artifice
of conditional MC, we distinguish the dynamic IS scheme
[26] whose efficiency was proven only for regularly varying
distributions and that of [27] which lies in the intersection of
IS and conditional MC techniques. While based on different
approaches, all these works present the common denominator
of being specific to particular settings. It is thus not clear
whether these methods will keep the same performances when
applied to other scenarios which does not fall within their
original scope of applicability. This motivates our work. In
particular, inspired by [28], we generalize the hazard rate
twisting IS technique to the general setting of independent
and not necessarily identically distributed. Unlike most of
the variance reduction techniques, we do not require any
assumption on the RVs. To the best of our knowledge, this is a
major finding in the context of variance reduction techniques
for the following main reasons:
•

0

= − log (1 − Fi (x)) , x > 0.

(12)

From (11) and (12), the PDF of Xi is related to the hazard
rate and function as:
 Z x

fi (x) = λi (x) exp −
λi (t)dt

•

0

= λi (x) exp (−Λi (x)) .

(13)

The change of probability measure is obtained by twisting
the hazard rate of the underlying distribution by a quantity
0 < θ < 1 as follows:
gi (x) , fi,θ (x) = (1 − θ) λi (x) exp (− (1 − θ) Λi (x))
= (1 − θ) fi (x) exp (θΛi (x)) .

(14)

•

As mentioned above, efficiency results of most the existing algorithms have often been derived under the
assumption that the underlying RVs are drawn from a
particular set of distributions. Our work is among the
very few ones establishing the asymptotic optimality for
any arbitrary RVs, regardless its sign or the nature of its
tail.
The previously cited works [25]–[27] were shown to
exhibit good performances in the i.i.d case. While their
generalization to the non i.i.d setting is straightforward,
it is not clear whether their efficiency will be kept. The
authors of [31] who extend the condition MC algorithm
[25] to the non i.i.d case have only been able to prove
the efficiency of the corresponding algorithm for the
particular case of RV following a Pareto distribution.
We establish a powerful result, in that the asymptotic
optimality of the proposed method holds for any arbitrary
RVs. This includes, for instance, the interesting cases
of summations SN containing a mixture of heavy and
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•

light tailed distributions or also those involving lighttailed distributions whose MGFs are not known to possess
closed-forms.
In our work, a minmax approach, based on the sequential
resolution of minimization and maximization problems is
employed in order to determine the closed-form expression of the twisting parameter. The maximization problem
produces an upper-bound for the variance of the hazard
rate estimator. This bound, depending on the twisting
parameter, is then minimized with respect to it, in order to
achieve the most possible lower value of the considered
upper-bound. It will be shown that this approach of
selection the twisting parameter ensures the asymptotic
optimality of the proposed hazard-rate estimation for any
arbitrary RVs.

A. Minmax Approach
In this subsection, we present the minmax procedure for the
determination of the twisting parameter. The minmax choice
of θ is divided into two steps. In the first step, we construct an
upper bound of the second moment of Tγth which is achieved
by solving the following maximization problem (P):
max

X1 ,...,XN

Subject to

L(X1 , X2 , ..., XN )
N
X

Xi ≥ γth ,

where the likelihood ratio is given by (4) and (14) as follows
!
N
X
1
Λi (Xi ) .
exp −θ
L(X1 , X2 , ..., XN ) =
N
(1 − θ)
i=1
(17)
Hence, solving the problem (P ) is equivalent to solving the
following minimization problem (P 0 ):
min

X1 ,...,XN

Subject to

i=1
N
X

lim

γth →+∞

where A(γth ) =

PN

i=1

A(γth ) = +∞,

(21)

Λi (Xi∗ (γth )).

Proof: From the inequality constraint of the minimization
problem (P’), we have
(N
)
X
N
∗
∩i=1 {Xi ≥ Xi (γth )} ⊂
Xi ≥ γth .
(22)
i=1

Using the independence of X1 , X2 , ..., XN , we get

Xi > 0, i = 1, ..., N,

(P 0 ) :

This section is devoted to the proof of our main result.
In particular, we prove that by using twisting parameter θ∗
given in (20), the asymptotic optimality of the corresponding
estimator holds for any arbitrary RVs. Our main result is based
on a careful investigation of the behaviour of the solution to the
0
minimization problem (P ). Prior to stating the main theorem,
the following lemma is required:

(16)

i=1

N
X

B. Asymptotic Optimality Criterion

∗
Lemma 1. Let X1∗ (γth ), X2∗ (γth ), ..., XN
(γth ) be the solu0
tion to the minimization problem (P ). Then,

III. P ROPOSED H AZARD R ATE T WISTING

(P ) :

The value of the twisting given in (20) represents the minmax
optimal choice among all values of θ, and for all threshold
values. The newly derived closed-form expression (20) will
ensure, as we will see in the following subsection, that the
asymptotic optimality criterion holds for arbitrary sum of
independent and not necessarily identically distributed RVs.

P (Xi ≥ Xi∗ (γth )) ≤ α.

i=1

Hence, upon applying the Logarithm function of both sides,
it follows that
A (γth ) ≥ − log (α) .

(23)

Finally, since α → 0 as γth → +∞, the proof is concluded.
The convergence result in Lemma 1 represents the key
ingredient that underlies the proof of our main result. With
Lemma 1 at hand, we prove the following theorem:

Λi (Xi )
Xi ≥ γth ,

N
Y

(18)

i=1

Xi > 0, i = 1, ..., N.
Let us denote the optimal solution of (P ) by
∗
X1∗ (γth ), X2∗ (γth ), ..., XN
(γth ). Then, we have
 2

 2 
Eθ Tγth = Eθ L (X1 , X2 , ..., XN ) 1(SN >γth )
!
N
X
1
≤
exp −2θ
Λi (Xi∗ (γth )) . (19)
2N
(1 − θ)
i=1
The second step is to minimize (19) to get the optimal twisting
parameter θ∗ . The resulting minimization problem is simple
and leads to:
N
.
(20)
θ∗ = 1 − PN
∗
Λ
i=1 i (Xi (γth ))

Theorem 1. For any arbitrary independent sum of RVs, the
quantity of interest α is asymptotically optimally estimated
using the proposed hazard rate twisting IS-based approach
with the minmax optimal parameter θ∗ given in (20).
Proof: By replacing the expression of the minmax optimal
twisting parameter (20) into (19), we get
2N

 2 
A(γth )
Eθ∗ Tγth ≤
exp (2N − 2A(γth ))
(24)
N
Taking the logarithm of both sides of the above inequality, we
get:



 2 
A(γth )
− 2A(γth )
log Eθ∗ Tγth ≤ 2N 1 + log
N
(25)
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Now, combining (23) and (25) and using the fact that the righthand side of (25) is negative for a sufficiently large γth (this
follows from Lemma 1), we get





2N 1 + log A(γNth )
− 2A(γth )
log Eθ∗ Tγ2th
≥
log (α)
−A(γth )
(26)
Finally, resorting again to the result of Lemma 1, we obtain:


log Eθ∗ Tγ2th
lim
≥ 2.
(27)
γth →+∞
log (α)
Hence, from (8), the asymptotic optimality (9) holds thereby
ending the proof.
Remark 1. Since the hazard functions Λi (·) are increasing
functions, the inequality constraint is actually satisfied with
equality
N
X

can help find a close point to the optimal solution for large
threshold values. This is the objective of the following Lemma:
Lemma 2. Under (29), there exists a fixed index i0 ∈
{1, 2, ..., N } such that the minimizers of (P 0 ) satisfy for a
sufficiently large γth
X
ηi ≤ Xi∗0 (γth ) ≤ γth ,
(30)
γth −
i6=i0

Xi∗ (γth )

≤ ηi , for all i 6= i0 ,

(31)

and hence as γth → +∞, we have
Xi∗0 ∼ γth , as γth → ∞,

(32)

Xi∗ = O(1), for all i 6= i0 .

(33)

+∞

Proof: Let us consider S(N, γth ) the set of all feasible
solutions:
+ N

Xi∗ (γth ) = γth

(28)

S(N, γth ) = {X = (X1 , X2 , ..., XN ) ∈ (R ) ,

N
X

Xi = γth }.

i=1

i=1

C. Case Study
Theorem 1 establishes the asymptotic optimality criterion
of the proposed IS estimator which uses θ∗ as the twisting
parameter. While the asymptotic optimality holds for arbitrary
sums of RVs, achieving this criterion requires solving the
optimization problem (P 0 ). This step strongly depends on the
nature of the underlying distribution and thus has to be studied
on a case by case basis. For instance, the case of distributions
with convex hazard rate functions including Weibull RVs with
shape parameter greater than 1 can be handled using convex
optimization algorithms. If the convexity of the hazard-rate
functions is not satisfied, one can opt for standard numerical
optimization methods which might produce local optimal
solutions. In order to avoid such situations, some additional
results serving to approach the solutions of problem (P 0 )
can be of fundamental practical interest. This is the main
objective of this section. In particular, we will consider positive
RVs belonging to the same family of distributions (a sum of
Weibull RVs with different shape and scale parameters) with
hazard rate functions being eventually concave, i.e, satisfying
the following condition:
∃ηi such that Λi (·) is concave in [ηi , +∞), i ∈ {1, 2, ..., N }.
(29)
Several commonly used distributions satisfy (29) including the
Log-normal RV [32]. Moreover, through a simple computation, we can show that the hazard functions of the Weibull
(with shape parameter less than 1) and the Pareto distributions
are concave on the whole interval [0, +∞) and hence (29) is in
particular satisfied. A similar result is satisfied by the Gamma
RV with shape parameter less than 1 [33]. Note in passing
0
that in this case, problem (P ) turns out to be a concave
minimization problem. The minimum can be thus analytically
characterized as one of the extreme points of the domain of
0
(P ). While a similar analytical characterization seems to be
out of reach when (29) is strictly satisfied (One of the ηi is
strictly positive), the eventually concavity behaviour of Λi (·)

(34)
0

Through the use of (29), the objective function of (P ) is
concave on the subset:
+ N

S̃(N, γth ) = {X = (X1 , X2 , ..., XN ) ∈ (R ) ,

N
X

Xi = γth ,

i=1

Xi ≥ ηi , for each i ∈ {1, 2, ..., N }}.

(35)

Thus, the minimum of the objective function of (P 0 )
over S̃(N, γth ) is achieved in at least one of its extreme
points. More precisely, the extreme points of S̃(N, γth )
are
P e1 , e2 , ..., eN such that ei = (η1 , η2 , ..., ηi−1 ,0γth −
j6=i ηj , ηi+1 , ..., ηN ). Therefore the minimum of (P ) over
S(N, γth ) is either achieved in one of the extreme point ei ,
i = 1, 2, ..., N , or on the set
S̄(N, γth ) = S(N, γth )\S̃(N, γth )
= {X = (X1 , X2 , ..., XN ) ∈ (R+ )N ,

N
X

Xi = γth ,

i=1

∃i such that Xi < ηi }.

(36)

In both cases, there exists at least one index i ∈ {1, 2..., N }
such that Xi∗ (γth ) ≤
ηi . In addition, in order to satisfy the
PN
∗
equality constraint
i=1 Xi (γth ) = γth for a sufficiently
large γth , there should exist an index j ∈ {1, 2, ..., N } such
that Xj∗ (γth ) ≥ ηj . In order to prove the result in Lemma 2,
we proceed iteratively by dimension reduction. In fact, without
∗
loss of generality, we assume that XN
(γth ) ≤ ηN (through an
index permutation). It follows that
N
X

min
S(N,γth )

i=1

Λi (Xi ) = min

min

N
X

XN ≤ηN S(N −1,γth,N −1 )

Λi (Xi ),

i=1

(37)
where γth,N −1 = γth − XN . Hence, we get
min
S(N,γth )

N
X
i=1

∗
Λi (Xi ) = ΛN (XN
(γth )) +

min
∗

S(N −1,γth,N −1 )

N
−1
X

Λi (Xi ),

i=1

(38)

6

Consequently, we can see that we have reduced the number
of optimization variables to be N − 1, while we have kept
the same structure of the minimization problem (P 0 ) with
∗
∗
γth,N
−1 = γth − XN (γth ). Hence the previous procedure
could be repeated again. In fact, using the same argument as
before, there exists another index i ∈ {1, 2, ..., N − 1} such
that Xi∗ (γth ) ≤ ηi . Without loss of generality, we assume that
i = N − 1 which leads to
N
X

min
S(N,γth )

∗
∗
Λi (Xi ) = ΛN (XN
(γth )) + ΛN −1 (XN
−1 (γth ))

i=1

+

min

N
−2
X

∗
S(N −2,γth,N
−2 )

min
S(N,γth )

Λi (Xi ) =

i=1

N
−2
X

Λi (Xi ),

(39)

i=1

∗
ΛN +1−i (XN
+1−i (γth ))

+

min

∗
S(2,γth,2
)

Λi (Xi ),

(40)

i=1

with Xi∗ (γth ) ≤ ηi , for
PN
∗
i=3 Xi (γth ). Thus, we

∗
= γth −
i = 3, 4...., N , and γth,2
end up with a two dimensional minimization problem. Again, there should exist an index i = 2
( through a possible permutation ) suchPthat X2∗ (γth ) ≤ η2 .
N
Therefore, using the equality constraint i=1 Xi∗ (γth ) = γth ,
we get

Xi∗ (γth ) ≤ ηi , i = 2, 3, ..., N,
∗
∗
γth,2
− η2 ≤ X1∗ (γth ) ≤ γth,2
.

(41)
(42)

The previous result follows also from the non-negativity of
X1 , X2 , ..., XN . Hence, it follows that
γth −

N
X

ηi ≤ X1∗ (γth ) ≤ γth .

(43)

i=2

Thus, as γth goes to infinity, and using the fact that ηi , i =
2, 3, ..., N are independent of γth , we have
X1∗ (γth ) ∼ γth

(44)

Xi∗ (γth ) = O(1), ∀i ∈ {2, 3, ..., N }.

(45)

+∞

It is important to note that in the particular i.i.d case, the
index i0 could be any index in {1, 2, ..., N }, and the minimum
is achieved in N different points. A direct consequence of
Lemma 2 is presented in the following lemma.
Lemma 3. Under (29), the objective function of (P 0 ) has the
following asymptotic behaviour
N
X
i=1

Λi (Xi∗ (γth )) ∼ Λi0 (γth ), as γth → +∞.
+∞

(46)

Proof: Using Lemma 2 and the fact that Λi0 (γth ) tends
to infinity as γth → +∞, we have
Λi (Xi∗ (γth ))
→ 0 as γth → +∞, for all i 6= i0 .
Λi0 (γth )

(47)

(48)

Using the fact that Λi0 (·) is a concave function in the interval
[ηi0 , +∞], then its derivative which is the hazard rate λi0 (·)
is a decreasing function in [ηi0 , +∞]. Hence, λi0 (x) is upper
bounded by λi0 (ηi0 ) for all x ≥ ηi0 . Consequently, Λi0 (·) is
Lipschitz in the interval [ηi0 , +∞), that is for all x and y in
the interval [ηi0 , +∞), we have

By taking x = γth and y =

Xi∗0 (γth ),

(49)

it follows that

Λi0 (γth ) − Λi0 (Xi∗0 (γth )) = O(γth − Xi∗0 (γth )), as γth → +∞.
(50)
Using Lemma 2, we have that γth − Xi∗0 (γth ) = O(1). Thus,
it follows that
Λi0 (γth ) − Λi0 (Xi∗0 (γth )) = o(Λi0 (γth )),

i=1
2
X

Λi0 (Xi∗0 (γth ))
∼ 1, as γth → +∞.
+∞
Λi0 (γth )

Λi0 (x) − Λi0 (y) ≤ λi0 (ηi0 ) x − y

∗
∗
∗
where γth,N
−2 = γth − XN (γth ) − XN −1 (γth ). After N − 2
steps, we get
N
X

The remaining work is to prove that

(51)

which leads to (48) and then the proof is concluded.
Remark 2. Distributions satisfying (29) were considered in
[28] for the particular i.i.d case. In this particular i.i.d setting
and from the result of Lemma 3, we can observe that the
minmax parameter θ∗ in (20) tends to the same value of θ
derived in [28], as γth increases.
Remark 3. To fully characterize the solution of (P’) under
(29), we need to specify how to determine the index i0
appearing in Lemma 2 and Lemma 3. In fact, this index
satisfies the following
Λi0 (γth ) ≤ Λi (γth ), ∀i 6= i0 .

(52)

For instance, for the sum of Log-normal RVs with mean µi
and standard deviation σi , i = 1, 2, ..., N , the index i0 satisfies
(log(γth ) − µi0 ) /σi0 ≤ (log(γth ) − µi ) /σi , ∀i 6= i0 . (53)
Thus, for γth large enough, the index i0 is independent of γth
and corresponds to
i0 = arg maxi∈{1,2,...,N } σi .

(54)

Moreover, if there exists another index with a maximum
standard deviation, i0 corresponds to the RV with a maximum
mean.
Remark 4. The results of Lemma 2 and (52) can help provide
an initial guess of the solution to problem (P 0 ). This guess
can be fed to numerical optimization methods used to solve
(P 0 ) thereby ensuring their convergence to close-to-optimal
solutions.
Distributions with Concavity Property: As we mentioned
earlier, for distributions with concave hazard rate functions, an
analytic characterization of the optimum solution to (P 0 ) can
be obtained. For sake of illustration, we treat in particular, the
case of Weibull distribution with shape parameter less than 1.
The PDF of Xi , i = 1, 2, ..., N is:
 k −1
 ki !
x
ki x i
exp −
, x > 0. (55)
fi (x) =
βi βi
βi
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where 0 < ki < 1 and βi > 0, i = 1, 2, ..., N , denote
respectively the shape and the scale parameters. The hazard
rate and the hazard function for each Xi , i = 1, 2, ..., N , are
as follows
 k −1
ki x i
, x ≥ 0.
λi (x) =
βi βi
 ki
x
, x ≥ 0..
Λi (x) =
βi

(56)
(57)

We can prove through a simple computation that the objective
function of (P 0 ) is concave and hence (29) is satisfied. In fact,
the Hessian H(X1 , X2 , ..., XN ), which is the squared matrix
composedPof second-order partial derivative of the objective
N
function i=1 Λi (Xi ) at any point X = (X1 , X2 , ..., XN ) ∈
+ N
(R ) , is a diagonal matrix with diagonal elements
ki (ki − 1)
[H(X1 , X2 , ..., XN )]ii =
βi2



Xi
βi

ki −2
,

(58)

which are strictly negative for ki < 1, i = 1, 2, ..., N .
In particular, the objective function is also concave on
the convex set S(N,
PNγth ) = {X = (X1 , X2 , ..., XN ) ∈
(R+ )N , such that
i=1 Xi = γth }. Therefore, the solution
of (P 0 ) is obtained in one of the extreme points of S(N, γth ).
In other words, the minimum is achieved when
Xi∗0 (γth ) = γth , and Xi∗ (γth ) = 0 ∀i 6= i0 ,

(59)

Algorithm 1 Hazard rate twisting approach for the estimation
of α
Inputs: M , γth .
Outputs: α̂IS .
Find the minmax value θ∗ as in (20) by solving the
minimization problem (P 0 ).
for i = 1, ..., M do
Generate independent realizations of {Xj (ωi )}N
j=1 under
the twisted PDF {fj,θ∗ (·)}N
j=1
Evaluate Tγth (ωi ) as in (15).
end for
PM
1
Compute the IS estimator as α̂IS = M
i=1 Tγth (ωi ).
In the implementation of Algorithm 1, we need to generate
samples of X1 , X2 , ..., XN according to the twisted PDFs
f1,θ∗ , f2,θ∗ , ..., fN,θ∗ , respectively. To this end, several methods can be used, among them, we distinguish the acceptance
rejection technique, the Markov Chain Monte Carlo algorithm
[34], or the inverse CDF sampling method [35]. The inverse
CDF sampling method is merely based on the observation that,
for a given a CDF F , the random variable F −1 (U ) where U
is uniformly distributed RV over [0, 1] has a CDF given by
F . For this method to be applicable, an analytical expression
for the CDF inverse is required. In the sequel, we show that
the inverse CDF of the twisted RVs is related to that of the
non-twisted RVs. If the inverse of the CDF of the non-twisted
RV F (·)−1 admits an analytical expression, so does Fθ (·)−1 .
To see that, let us consider a RV X with an underlying PDF
f (·) and CDF F (.). From (14), the PDF fθ (·) associated to
X with hazard rate λ(·) and hazard function Λ(·) is
fθ (x) = (1 − θ)λ(x) exp(−(1 − θ)Λ(x))

where i0 satisfying

= (1 − θ)f (x) exp(θΛ(x)).


γth
βi0

ki0


≤

γth
βi

ki
, ∀i 6= i0 .

(60)

Replacing λ(·) and Λ(·) by their definitions, we get
fθ (x) =

It is worth mentioning that for large values of γth , the index
i0 depends only on the shape and scale parameters and
independent of γth . More precisely, for γth large enough, it is
characterized by
i0 = arg mini ki .

(61)

Moreover, if there are more than one RV with minimum shape
parameter, the index i0 corresponds to the one with maximum
scale parameter. Note that (59) holds for any distribution with
concavity property. For instance, an equivalent result can be
obtained for the Gamma distribution with shape parameter less
than 1 and for the Pareto distribution.

D. Algorithm
A pseudo-code describing all steps to estimate α by
our proposed hazard rate twisting approach is described in
Algorithm 1.

(62)

(1 − θ)f (x)
.
(1 − F (x))θ

(63)

By a simple integration, the corresponding CDF is given by
Fθ (x) = −

1
+ 1.
(1 − F (x))θ−1

(64)

Finally, a simple computation leads to an exact expression of
the CDF inverse of the RV X under the hazard rate twisting
technique
1

Fθ−1 (y) = F −1 (1 − (1 − y)− θ−1 ),

(65)

where F −1 (·) is the CDF inverse of X under the original PDF
f (·). It is worth observing that many of the most frequently
encountered distributions has an inverse CDF that possesses
an analytical expression. A non-comprehensive list includes
the Log-normal and the Weibull distribution, often used for
modeling random wireless channels. This argues in favor of the
efficiency of the inverse CDF method to handle many practical
situations.
Remark 5. We have described in the previous section a
method based on the inverse CDF sampling method Fθ−1 (·)
to generate samples of a RV X under the twisted PDF fθ (·).
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For the particular Weibull distribution with parameters k and
β, the PDF fθ (·) remains a Weibull distribution but with the
same shape parameter k and a different scale parameter β 0 as
follows
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fθ (x) = (1 − θ)λ(x) exp (−(1 − θ)Λ(x))
 k−1


x
k x
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β β
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 k−1

x
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IV. S IMULATION R ESULTS
This section presents some selected simulations results in
order to illustrate the performance of the proposed IS scheme.
First, we analyze the efficiency of the hazard rate twisting
change of measure in increasing the number of occurrences of
the considered rate event. Second, we compare the proposed
IS scheme to an algorithm based on Conditional MC (CMC)
[31] and we show that, in some settings, the proposed method
achieves a computational gain over the CMC one. Finally,
we analyze in the third subsection the near-optimality of the
minmax twisting parameter (20) compared to the unknown
optimal twisting parameter (the one that minimizes the actual
variance of Tγth ).

A. Frequency of Occurrence
As it was mentioned before, a key ingredient of IS
techniques is to emphasize the sampling of important values,
i.e realizations satisfying {SN ≥ γth }. We define the frequency of occurrence as the number of samples which satisfy
{SN ≥ γth }. In our first simulation results, we consider the
sum of two i.i.d. Log-normal RVs with mean µdB = 0 dB
and standard deviation σdB = 6 dB. In Table I, we have
computed the frequency of occurrence using the naive MC
simulation and the proposed IS technique. Table I exhibits
an important feature of the IS change of measure where the
frequency of realizations belonging to the rare set SN ≥ γth
is almost constant as we increase the threshold. On the other
hand, the failure of sampling under the original sum of Lognormal distribution is obvious, being inefficient in acquiring a
sufficient number of realizations in the rare sets.
TABLE I
F REQUENCY OF OCCURRENCE FOR THE SUM OF TWO I . I . D . L OG - NORMAL
WITH µdB = 0 dB, σdB = 6 dB, AND = M = 105 .
Threshold (dB)
15
20
25
30
35

α̂IS
1.47 × 10−2
9.55 × 10−4
3.17 × 10−5
5.8 × 10−7
0.55 × 10−8

IS frequency
28603
27631
26484
26253
25982

MC frequency
1427
99
3
0
0

Fig. 1. Twisted and original PDFs of the sum of two i.i.d Log-normal RVs
with γth = 20, µdB = 0 dB, and σdB = 6 dB.

TABLE II
F REQUENCY OF OCCURRENCE FOR THE SUM OF TWO I . I . D . W EIBULL
DISTRIBUTION WITH k = 0.5, β = 1, AND M = 105 .
Threshold ( dB )
10
15
20
25
30

α̂IS
1.01 × 10−1
1.67 × 10−2
1.06 × 10−4
4.15 × 10−8
3.88 × 10−14

IS frequency
29273
29270
29244
29143
29049

MC frequency
10097
852
6
0
0

In Table II, we show the same computation using the
sum of two i.i.d Weibull distribution with shape parameter
k = 0.5 and scale parameter β = 1. Again, important
values are sampled more frequently using the IS technique and
their frequencies remains almost constant as we increase the
threshold. To illustrate this statement, we plotted in Fig. 1 the
twisted against the original sum of Log-normal distributions
for a fixed threshold γth = 20. Clearly, we see that twisting
the hazard rate of each component in the summation leads to a
heavier twisted PDF. As a consequence, the event {SN > γth }
are more likely to occur under the twisted PDF than under the
original one.
B. Efficiency of the Proposed IS Algorithm
In this subsection, we compare our proposed IS scheme
to the algorithm based on CMC [31] which is an extension
of [25] to the non i.i.d case. The proposed estimator in [31]
writes as:
M
1 X 0
α̂CM C =
Tγth (ωk )
(67)
M
k=1


PN
P
0
where Tγth = i=1 F̄i max(γth − j6=i Xj , M−i ) , F̄i =
1 − Fi , and M−i = max(X1 , ..., Xi−1 , Xi+1 , ..., XN ), i =
1, 2, ..., N . Our choice is mainly motivated by the good
performances of CMC based algorithms. In particular, when
all RV are i.i.d, the algorithm of [25] is known to achieve
a bounded relative error in the case where RVs are drawn
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from regularly varying distributions and to satisfy the asymptotic optimality criterion when RVs are i.i.d and follow a
Weibull-like distributions with shape parameter k less than
log(3/2)/ log(2). As for the non i.i.d case, it was proven
numerically in [31] that for the Weibull distribution the CMC
algorithm performs much better when the shape parameters
are small than when they are large. In our opinion, the CMC
might exhibit better performances than the proposed hazard
rate twisting approach for small values of the shape parameter
of the Weibull distribution. But, in the general case, there is
no guarantee that this always occurs. In particular, scenarios
which do not fall within the conventional scope of applicability
of the CMC algorithm, constitute potential situations in which
our method might achieve better performances. In light of this
observation, we identified three different settings where the
proposed algorithm outperforms the CMC algorithm.
The comparison is performed based on the variance reduction metric which we define for the proposed IS scheme
as:
ξ1 =

α(1 − α)
varθ [Tγth ]

(68)

This metric corresponds to the efficiency of the proposed IS
scheme compared to the naive MC simulation. Similarly, the
efficiency of the CMC approach with respect to the naive MC
simulation is defined as
ξ2 =

α(1 − α)


var Tγ0 th

(69)

We compare the proposed IS scheme to the CMC algorithm
under three different settings depending on the nature of the
tail of the underlying RVs. We consider in the first case
the sum of N = 10 components drawn from the Weibull
distribution with shape parameter being given by either 0.8
or 0.9, a setting which corresponds to the sum of heavy-tailed
distributions. Table III provides the performance results for the
CMC method and the proposed IS scheme where the minmax
twisting parameter (20) is used. We deduce from this table
that both techniques offer good performances compared to the
naive MC simulation. Moreover, the proposed IS technique
achieves better performances than that of the CMC. The gain
in efficiency becomes even higher as the threshold increases.
For instance, for γth = 55, the amount of variance reduction
achieved by our proposed IS algorithm is approximately 26.8
times the amount of variance reduction given by the CMC
method.
TABLE III
S UM OF N = 10 INDEPENDENT W EIBULL D ISTRIBUTION WITH
βi = 0.5 + i/10, ki = 0.8, i = 1, 2, ..., 5, ki = 0.9, i = 6, 7, ..., 10, AND
M = 107 . T HE EFFICIENCY IS COMPUTED WITH RESPECT TO THE NAIVE
MC SIMULATION .
γth
35
40
45
50
55

Importance
α̂IS
1.34 × 10−4
1.74 × 10−5
2.18 × 10−6
2.76 × 10−7
3.44 × 10−8

Sampling
ξ1
200.30
1.05 × 103
5.42 × 103
2.44 × 104
1.08 × 105

Conditional Monte Carlo
α̂CM C
ξ2
1.34 × 10−4
113.56
1.74 × 10−5
282.01
2.18 × 10−6
694.27
2.76 × 10−7
1.49 × 103
3.40 × 10−8
4.03 × 103

In a second experiment, we consider the case where the
underlying sum involves a mixture of heavy and light tailed
RVs. Table IV presents the obtained result when the sum
of N = 10 independent Weibull distributions with shape
parameter being selected from {0.8, 1}.
TABLE IV
S UM OF N = 10 INDEPENDENT W EIBULL D ISTRIBUTION WITH
βi = 0.5 + i/10, ki = 0.8, i = 1, 2, ki = 1, i = 3, 7, ..., 10, AND
M = 107 . T HE EFFICIENCY IS COMPUTED WITH RESPECT TO THE NAIVE
MC SIMULATION .
γth
30
35
40
45

Importance
α̂IS
8.26 × 10−5
4.88 × 10−6
2.64 × 10−7
1.36 × 10−8

Sampling
ξ1
565.75
5.67 × 103
6.01 × 104
6.21 × 105

Conditional Monte Carlo
α̂CM C
ξ2
8.22 × 10−5
99.52
4.91 × 10−6
292.22
2.65 × 10−7
956.52
1.40 × 10−8
1.99 × 103

From this table, it becomes clear that the proposed IS
approach can achieve better performances than that of the
CMC algorithm. The gain in performance is higher than the
one shown by Table III. For example, when γth = 45, the
efficiency obtained from the IS technique is approximately
312 times the one given by the CMC technique. This result
is quite expected, the efficiency of the CMC algorithm being
shown in [31] for small shape parameters.
Finally, we compare the performance of the proposed
scheme where the sum includes only light-tailed random
variables. While we are aware that the exponential twisting
approach is considered as more appropriate to handle lighttailed settings, its use to the present context is not possible
since it requires the MGF to admit a closed form expression,
a condition which is not satisfied for Weibull distributed RVs.
TABLE V
S UM OF N = 10 INDEPENDENT W EIBULL D ISTRIBUTION WITH
βi = 0.5 + i/10, ki = 2, i = 1, 2, ..., 10, AND M = 107 . T HE EFFICIENCY
IS COMPUTED WITH RESPECT TO THE NAIVE MC SIMULATION .
γth
15
16
17
18
19

Importance
α̂IS
5.65 × 10−4
8.03 × 10−5
9.17 × 10−6
8.55 × 10−7
6.42 × 10−8

Sampling
ξ1
92.47
429.41
2.47 × 103
1.76 × 104
1.55 × 105

Conditional Monte Carlo
α̂CM C
ξ2
5.64 × 10−4
17.12
8.05 × 10−5
28.68
9.18 × 10−6
53.01
8.74 × 10−7
78.44
6.94 × 10−8
158.52

Table V represents the obtained result in the case where a
sum of N = 10 light-tailed independent Rayleigh RVs is used
(The Rayleigh RV is actually a Weibull distribution with shape
parameter equal to 2). Again in this setting, as shown in Table
V, the gain of our method over the CMC method is evidently
clear.
C. Sensitivity Analysis of the Minmax Approach
Obviously, the optimal choice of the twisting parameter
θ corresponds to the one minimizing

 the variance of Tγth
or equivalently the quantity Eθ Tγ2th . This optimal value is
in general unknown. For this reason, we propose to select
∗
the twisting
 2  parameter θ that minimizes an upper bound∗
of Eθ Tγth . While we have shown that working with θ
guarantees the asymptotic optimality, it is not clear how the
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performance of the proposed technique compares with the
optimal approach consisting in twisting the hazard rates by the
quantity θ̂. We
to analyze the closeness
 aim inthis subsection

of Eθ∗ Tγ2th to Eθ̂ Tγ2th and to investigate whether our
minmax choice is efficient, in the sense that it does not worsen
the minimum variance considerably. To this end, we plot, in
100
Minmax Twisting Parameter
Optimal Twisting Parameter

Second Moment

10−6

10−12

10−18

N =4
N =6

10−24

N =8
10−30
12

13

14

15

16
17
γth (dB)

18

19

20

Fig. 2. Second moment of Tγth with the minmax and the optimal twisting
parameter for the sum of N Weibull RVs with shape parameters ki = 0.8,
scale parameters βi = 1, i = 1, 2, ..., N , and M = 107 .





Fig. 2, Eθ∗ Tγ2th and Eθ̂ Tγ2th with respect to the threshold
γth in the cases where a sum of N = 4, 6, and 8 Weibull
distributed RVs are considered. The results in this figure
clearly show that both values θ̂ and θ∗ achieve almost the
same variance reduction. This argues in favor of the efficiency
of the minmax parameter θ∗ in retrieving approximately the
same performances obtained by using the twisting parameter
θ̂.
V. C ONCLUSION
This paper provided additional results on the hazard rate
twisting IS-based approach. By a proper selection of the
twisting parameter, we proved that the asymptotic optimality criterion holds for sums involving independent and not
necessarily identically distributed arbitrary RVs. This finding
enlarges the framework of hazard rate twisting techniques for
the general case of sums involving arbitrary independent RVs.
Simulations results comparing our method to an algorithm
based on Conditional Monte Carlo was presented and illustrated the efficiency of our technique in handling a large range
of scenarios.
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